A domain description and Green's function estimates up to the boundary for elliptic operator with singular potential  by Serov, V.S. & Kyllönen, U.M.
J. Math. Anal. Appl. 366 (2010) 11–23Contents lists available at ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
A domain description and Green’s function estimates up to the boundary
for elliptic operator with singular potential
V.S. Serov ∗, U.M. Kyllönen
Department of Mathematical Sciences, University of Oulu, Finland
a r t i c l e i n f o a b s t r a c t
Article history:
Received 27 May 2008
Available online 25 January 2010
Submitted by E.J. Straube
Keywords:
Elliptic operator
Fundamental solution
Green’s function
We consider the Friedrichs extension of the operator A = A0 + q(x), deﬁned on a bounded
domain Ω in Rn , n 1. For n = 1, we assume that Ω = ]a,b[. Here A0 = A0(x, D) is an
elliptic operator of order 2m with bounded smooth coeﬃcients and q a function in Lp(Ω).
Under some assumptions for q we obtain the uniform up to the boundary estimates for
the Green’s function of the Friedrichs extension of the operator A + λI , for λ suﬃciently
large. Under some stronger assumptions for q we give a description for the domain of the
Friedrichs extension of A.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let Ω be a bounded domain in Rn (n 1) with smooth boundary. We consider on Ω the elliptic differential operator of
the form
A = A0(x, D) + q(x),
where
A0(x, D) =
∑
|α|,|β|m
(−1)|α|Dα(aαβ(x)Dβ ·)
is a formally self-adjoint differential operator of order 2m and q a real-valued function from Lp(Ω). We assume that the
coeﬃcients aαβ(x) = aβα(x) are complex-valued bounded smooth functions on Ω for all |α|, |β|m such that aαβ(x) are
real-valued for |α|, |β| =m, and that A0 satisﬁes the uniform ellipticity condition∑
|α|=|β|=m
aαβ(x)ξ
αξβ  ν
∑
|α|=m
∣∣ξα∣∣2,
for some constant ν > 0, for all x ∈ Ω and all ξ ∈Rn . We assume that q satisﬁes the conditions:
Q1) q ∈ Lp(Ω) for some p with n2m < p ∞ if n 2m,
Q2) q ∈ L1(Ω) if n < 2m and, in addition,
(q− f , f )L2(Ω) −c0‖ f ‖2L2(Ω),
for some c0 > 0, for all f ∈ C∞0 (Ω), where q− = min{q,0},
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Q1′) q ∈ L nm (Ω) if n > 2m,
Q2′) q ∈ Ls(Ω) if n = 2m and s > 2,
Q3′) q ∈ L2(Ω) if n < 2m.
For m 0 an integer and 1 p ∞, we denote by Wmp (Ω) the Lp Sobolev space, by W˚mp (Ω) the closure of C∞0 (Ω) in
Wmp (Ω) and by W
−m
p (Ω) the dual space of W˚
m
p (Ω). For r  0, we denote by Hrp(Ω) the Nikol’skiı˘ space (see [17]) and by
H˚rp(Ω) the closure of C
∞
0 (Ω) in H
r
p(Ω).
The aim of this paper is to prove the following results.
Theorem 1.1. Assume q satisﬁes the conditions Q1)–Q2). Then A has a self-adjoint Friedrichs extension AF with discrete spectrum
having the only possible accumulation point at inﬁnity.
Theorem 1.2. Assume q satisﬁes the conditions Q1′)–Q3′). Then the following inclusions hold:
W 2m2 (Ω) ∩ W˚m2 (Ω) ⊂D(AF ) ⊂ H2m2 (Ω) ∩ W˚m2 (Ω). (1.1)
Theorem 1.3. Under the same assumptions for q as in Theorem 1.1, there exist constants C > 0 and λ0 > 0 such that the Green’s
function G(x, y, λ) of the operator AF + λI exists and satisﬁes the following estimates:
1) 2m < n,
∣∣G(x, y, λ)∣∣ C |x− y|2m−n−λ− 2m e−δ|x−y|λ 12m , 0 <  < 2m − n
p
,
2) 2m = n,
∣∣G(x, y, λ)∣∣ C(1+ ∣∣log(|x− y|λ 12m )∣∣)e−δ|x−y|λ 12m ,
3) 2m > n,
∣∣G(x, y, λ)∣∣ Cλ n−2m2m e−δ|x−y|λ 12m ,
for all x, y ∈ Ω and all λ λ0 .
The study of elliptic differential operators with smooth coeﬃcients on a bounded domain Ω ⊂Rn with smooth boundary
has a long history. We restrict the bibliographical remarks to the works that are of interest from the viewpoint of the present
article.
The estimates for the Green’s function and the domains of a general elliptic differential operator of order 2m with
smooth coeﬃcients on a bounded domain have been studied by many authors. We refer to a four volume monograph
of Hörmander [11,12], the works of Alimov [2–4], Krasovskii [13,14] and others. We mention also the papers [18–20] of
one of the authors of the present article which deal with the operators whose coeﬃcients may have local singularities of
speciﬁc order on an arbitrary smooth surface whose dimension is strictly less than that of the original domain. As to elliptic
operators of order 2m whose coeﬃcients may have singularities in Lp , similar results have been mainly studied for the
Schrödinger operators −
+q(x) with q in L2. For such results, see Alimov and Joo [5], Ashurov [6,7], Khalmukhamedov [15,
16], Serov [21,22], Serov and Buzurnyuk [23] and others. Some survey of resent results concerning Lp theory of elliptic
differential operators of order 2m can be found in the review article of Davies [9] (see also [8]).
The main result of the present article is Theorem 1.3 which concerns to the estimates for the Green’s function up to the
boundary of a bounded smooth domain. In all the previous publications, as far as we know, the estimates for the Green
function are given for an arbitrary subdomain of the original domain. We mention also that Theorem 1.2, a description of
the domain of the elliptic differential operator of order 2m with potential in Lp , which may be of independent interest and,
as far as we know, has never been before appeared in publications.
This paper is organized such that Theorem 1.1 is proved in Section 2, Theorem 1.2 in Section 3 and Theorem 1.3 in
Section 4.
2. The Friedrichs extension
We begin by proving Gårding’s inequality for A.
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(A f , f )L2(Ω) 
ν
3
‖ f ‖2Wm2 (Ω) − C‖ f ‖
2
L2(Ω) (2.1)
for all f ∈ C∞0 (Ω), where ν is the constant of ellipticity of A0 .
Proof. From Gårding’s inequality for A0 (see [10]),
(A0 f , f )L2(Ω) 
ν
2
‖ f ‖2Wm2 (Ω) − C0‖ f ‖
2
L2(Ω), (2.2)
we have
(A f , f )L2(Ω) 
ν
2
‖ f ‖2L2(Ω) − C0‖ f ‖2L2(Ω) + (qf , f )L2(Ω)
for all f ∈ C∞0 (Ω). Hence it suﬃces to estimate (qf , f )L2(Ω) . We consider three cases: 2m > n, 2m = n and 2m < n.
Let 2m > n. Then q ∈ L1(Ω) and there is a constant c0 > 0 such that for any f ∈ C∞0 (Ω),
(q− f , f )L2(Ω) −c0‖ f ‖2L2(Ω),
where q− = min{q,0}. It follows immediately
(A f , f )L2(Ω) 
ν
2
‖ f ‖2Wm2 (Ω) − (C0 + c0)‖ f ‖
2
L2(Ω)
for all f ∈ C∞0 (Ω). Since 2m > n and q ∈ L1(Ω), the Sobolev embedding theorem (see [1]) implies∣∣(qf , f )L2(Ω)∣∣ C‖ f ‖2Wm2 (Ω) (2.3)
for all f ∈ C∞0 (Ω).
In the cases 2m = n and 2m < n we ﬁrst prove that for any  > 0 there is C > 0 such that∣∣(qf , f )L2(Ω)∣∣ ‖ f ‖2Wm2 (Ω) + C‖ f ‖2L2(Ω) (2.4)
for all f ∈ C∞0 (Ω). Indeed, for any R > 0,∣∣(qf , f )L2(Ω)∣∣ R‖ f ‖2L2(Ω) +
∫
Ω,|q(x)|>R
∣∣q(x)∣∣∣∣ f (x)∣∣2 dx. (2.5)
Let 2m < n. Taking p1 = n2m , p′1 = nn−2m and applying Hölder’s inequality, we get∫
Ω,|q|>R
|q|| f |2 dx R1− 2pmn ‖q‖
2pm
n
Lp(Ω)‖ f ‖2
L
2n
n−2m (Ω)
.
By the Sobolev embedding theorem (see [1]) there is C > 0 such that
‖ f ‖
L
2n
n−2m (Ω)
 C‖ f ‖Wm2 (Ω).
This implies∫
Ω,|q|>R
|q|| f |2 dx C R1− 2pmn ‖ f ‖2Wm2 (Ω), (2.6)
for some C > 0. Since R1−
2pm
n → 0 as R → ∞, we obtain (2.4). It follows from (2.6), taking R suﬃciently large, that
(A f , f )L2(Ω) 
ν
3
‖ f ‖2Wm2 (Ω) − (C0 + R)‖ f ‖
2
L2(Ω).
Let 2m = n. Let 1 < p1 < p and suppose that p′1 is the conjugate exponent to p. Then, by Hölder’s inequality, we get∫
Ω,|q|>R
|q|| f |2 dx R1−
p
p1 ‖q‖
p
p1
Lp(Ω)‖ f ‖2L2p′1 (Ω).
By the Sobolev embedding theorem (see [1]), we have
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L2p
′
1 (Ω)
 C‖ f ‖Wm2 (Ω),
and therefore∫
Ω,|q|>R
|q|| f |2 dx C R1−
p
p1 ‖ f ‖2Wm2 (Ω),
for some C > 0. Since R
1− pp1 → 0 as R → ∞, we can obtain
(A f , f )L2(Ω) 
ν
3
‖ f ‖2Wm2 (Ω) − (C0 + R)‖ f ‖
2
L2(Ω).
This proves Proposition 2.1. 
Proof of Theorem 1.1. For any real number μ, let Aμ denote the operator A + μI . Gårding’s inequality (2.1) implies, for μ
suﬃciently large,
(Aμ f , f )L2(Ω)  C1‖ f ‖2Wm2 (Ω), (2.7)
where C1 > 0. On the other hand, (2.3), (2.4) and the Cauchy–Schwarz inequality imply
(Aμ f , f )L2(Ω)  (C + μ)‖ f ‖2Wm2 (Ω),
for some C > 0. Combining this with (2.7), we obtain for μ suﬃciently large,
C1‖ f ‖2Wm2 (Ω)  (Aμ f , f )L2(Ω)  C2‖ f ‖
2
Wm2 (Ω)
, (2.8)
where C2 > 0 and C1 is as in (2.7). On C∞0 (Ω) we deﬁne
Q ( f , g) = (Aμ f , g)L2(Ω).
This is a densely deﬁned positive quadratic form in L2(Ω) with D(Q ) = C∞0 (Ω). We set
( f , g)Q = Q ( f , g) + ( f , g)L2(Ω), ‖ f ‖2Q = Q ( f , f ) + ‖ f ‖2L2(Ω), f , g ∈D(Q ).
This inner product space has a completion HQ which is a Hilbert space such that it contains D(Q ) as a dense subspace.
The form Q has the closure Q to HQ . From (2.8) it follows that for all f ∈ C∞0 (Ω),
L1‖ f ‖Wm2 (Ω)  ‖ f ‖Q  L2‖ f ‖Wm2 (Ω), (2.9)
where L1 > 0, L2 > 0. These inequalities imply that HQ = W˚m2 (Ω). Since Aμ = A + μI is positive for suﬃciently large μ it
has a positive self-adjoint Friedrichs extension (Aμ)F such that
D((Aμ)F )⊂ W˚m2 (Ω).
We deﬁne the Friedrichs extension of A = Aμ − μI to be AF = (Aμ)F − μI such that
D(AF ) ⊂ W˚m2 (Ω).
The domain of AF is given by
D(AF ) =
{
f ∈ W˚m2 (Ω)
∣∣ A f ∈ L2(Ω)}. (2.10)
It remains to prove that (Aμ)F has the discrete spectrum whose only accumulation point is at inﬁnity. By (2.8), we have
C1‖ f ‖2Wm2 (Ω) 
(
(Aμ)F f , f
)
L2(Ω)  C2‖ f ‖2Wm2 (Ω) (2.11)
for all f ∈ D(AF ). It follows that (Aμ)F is a bounded linear operator from D(AF ) to W−m2 (Ω). Since D(AF ) is dense in
W˚m2 (Ω), (Aμ)F can be extended to a bounded linear operator from W˚
m
2 (Ω) to W
−m
2 (Ω) with the norm estimate
M1‖ f ‖Wm2 (Ω) 
∥∥(Aμ)F f ∥∥W−m2 (Ω). (2.12)
Hence (Aμ)F is an isomorphism from W˚m2 (Ω) to W
−m
2 (Ω). Since the embedding W˚
m
2 (Ω) ↪→ L2(Ω) is compact, the inverse
(Aμ)
−1
F : L2(Ω) → L2(Ω)
is compact, positive and self-adjoint operator. This proves the theorem. 
V.S. Serov, U.M. Kyllönen / J. Math. Anal. Appl. 366 (2010) 11–23 153. The domainD(AF )
Let T be an elliptic partial differential operator of order 2m with smooth coeﬃcients such that
(T f , f )L2(Ω)  c‖ f ‖2L2(Ω),
for some c > 0, for all f ∈ C∞0 (Ω). For any self-adjoint extension Tˆ of T , we set

(Tˆ ) =
∞⋂
j=1
D(Tˆ j).
The powers Tˆ j of Tˆ exist by von Neumann’s spectral theorem. We will use the following fact (see [2]).
Proposition 3.1. For m 1 an integer and 1 p ∞, the inverse operator
Tˆ−1 : Lp(Ω) → H˚2mp (Ω) mod 
(Tˆ )
exists and is bounded. In particular,
Tˆ−1 : Lp(Ω) → H2mp (Ω).
Proof of Theorem 1.2. We note that the domain of AF is equal to
D(AF ) = W˚m2 (Ω) ∩D
(
A∗
)
.
1. First we prove the inclusion W 2m2 (Ω) ⊂D(A∗). Suppose that v ∈ W 2m2 (Ω). Since A0v ∈ L2(Ω), it suﬃces to prove that
qv ∈ L2(Ω). We consider three cases: 2m > n, 2m = n and 2m < n.
If 2m > n, then q ∈ L2(Ω). By the Sobolev embedding theorem v ∈ L∞(Ω). Hence qv ∈ L2(Ω).
If 2m = n, then q ∈ Ls(Ω), s > 2. By the Sobolev embedding theorem v ∈ Lr(Ω), 2  r < ∞. For 2 < r < ∞, applying
Hölder’s inequality with exponents p = r2 , p′ = rr−2 , we get∫
Ω
|qv|2 dx
(∫
Ω
|q|2p′ dx
) 1
p′ (∫
Ω
|v|r dx
) 2
r
.
Hence qv ∈ L2(Ω).
If 2m < n, then q ∈ L nm (Ω). By the Sobolev embedding theorem v ∈ L 2nn−2m (Ω). Taking p = nn−2m , p′ = n2m and applying
Hölder’s inequality, we get
∫
Ω
|qv|2 dx
(∫
Ω
|q|2p′ dx
) 1
p′ (∫
Ω
|v| 2nn−2m dx
) n−2m
n
.
Hence qv ∈ L2(Ω). This proves the ﬁrst inclusion.
2. Now we prove that D(AF ) ⊂ H2m2 (Ω) ∩ W˚m2 (Ω). Suppose that v ∈D(AF ). Since v ∈D(A∗), then it belongs to L2(Ω)
and satisﬁes the equation
(Au, v)L2(Ω) =
(
u, A∗v
)
L2(Ω),
for all u ∈ C∞0 (Ω), where A∗v = A0v + qv . If we denote h = A∗v , q˜ = q − μ, where μ is an arbitrary real number, we can
write h in the form
h = (A0 + μI)v + q˜v. (3.1)
By Gårding’s inequality (2.2), for all f ∈ C∞0 (Ω),(
(A0 + μI) f , f
)
L2(Ω)  (μ − C0)‖ f ‖2L2(Ω).
Then for μ > C0, A0 + μI will be positive. By Proposition 3.1 this operator has a positive self-adjoint (Friedrichs) extension
Aˆ0 + μI such that
( Aˆ0 + μI)−1 : Lp(Ω) → H2mp (Ω).
Eq. (3.1) implies
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Then ( Aˆ0 + μI)−1h ∈ H2m2 (Ω) and ( Aˆ0 + μI)−1(q˜v) ∈ H2m1 (Ω) imply
v ∈ H2m1 (Ω).
We want to prove that v ∈ H2m2 (Ω). In order to do this it is suﬃcient to prove that q˜v ∈ L2(Ω). We consider three cases:
2m > n, 2m = n and 2m < n.
If 2m > n, then q˜ ∈ L2(Ω). By the embedding theorem for Nikol’skiı˘ spaces (see [17]), v ∈ L∞(Ω). Hence q˜v ∈ L2(Ω). It
follows from (3.2) that
v ∈ H2m2 (Ω).
If 2m = n, then q˜ ∈ Ls(Ω), s > 2. By the embedding theorem for Nikol’skiı˘ spaces (see [17]), v ∈ Lr(Ω), 1 r < ∞. For
s > 2, we take p = s2 and p′ = ss−2 . Then, by Hölder’s inequality,∫
Ω
|q˜v|2 dx
(∫
Ω
|q˜|s dx
) 2
s
(∫
Ω
|v|2p′ dx
) 1
p′
.
Hence q˜v ∈ L2(Ω), and it follows from (3.2) that
v ∈ H2m2 (Ω).
If 2m < n, then q˜ ∈ L nm (Ω). Since v ∈D(AF ), it belongs to W˚m2 (Ω). By the Sobolev embedding theorem v ∈ L
2n
n−2m (Ω).
Then, by Hölder’s inequality, q˜v ∈ L2(Ω). It follows from (3.2) that
v ∈ H2m2 (Ω),
which completes the proof. 
Remark. If the coeﬃcients of A0 are constant then the Nikol’skiı˘ space H2m2 (Ω) in Theorem 1.2 can be replaced by the
Sobolev space W 2m2 (Ω) and (1.1) by
D(AF ) = W 2m2 (Ω) ∩ W˚m2 (Ω).
4. Green’s function
In this section we obtain the estimates up to the boundary for the Green’s function of the operator AF + λI when λ is
positive and suﬃciently large.
Deﬁnition 4.1. For λ > 0, y ∈ Ω , a locally integrable function F (·, y, λ) on Ω is called a fundamental solution for an operator
A + λI if and only if
(A + λI)F (x, y, λ) = δ(x− y). (4.1)
Eq. (4.1) holds in the sense of distributions, that is,∫
Ω
F (x, y, λ)
(
A′0 + q(x) + λI
)
ϕ(x)dx = ϕ(y)
for all f ∈ C∞0 (Ω), where
A′0 =
∑
|α|,|β|m
(−1)|β|Dβ(aβα(x)Dα ·)
is the transpose of A0.
Proposition 4.1. There exists λ0 > 0 such that for any λ λ0 , the differential operator A0+λI has a fundamental solution F0(x, y, λ).
Furthermore, for any multi-index α, 0 |α| 2m − 1, there are constants C > 0, δ > 0 such that the following estimates hold:
1) 2m < n + |α|,∣∣Dα F0(x, y, λ)∣∣ C |x− y|2m−n−|α|e−δ|x−y|λ 12m ,
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3) 2m > n + |α|,∣∣Dα F0(x, y, λ)∣∣ Cλ n+|α|−2m2m e−δ|x−y|λ 12m ,
for all x, y ∈ Ω and all λ λ0 .
The proof of Proposition 4.1 can be found in [2].
We will look for the fundamental solution F (x, y, λ) of the operator A0 + q(x) + λI , for λ positive and large enough, as
a solution of the integral equation
F (x, y, λ) = F0(x, y, λ) −
∫
Ω
F0(x,u, λ)q(u)F (u, y, λ)du, (4.2)
where F0(x, y, λ) is a fundamental solution of the operator A0 + λI . By Proposition 4.1, F0(x, y, λ) exists and belongs to
L1(Ω).
We need the following lemma, which may have interest of its own right.
Lemma 4.1. Assume q satisﬁes the conditions Q1) and Q2). Then there are λ0 > 0 and δ > 0 such that the fundamental solution
F (x, y, λ) exists as a solution of the integral equation (4.2) and satisﬁes the following estimates:
1) 2m < n,∣∣F (x, y,−λ)∣∣ C |x− y|2m−n−λ− 2m e−δ|x−y|λ 12m , 0 <  < 2m − n
p
,
2) 2m = n,∣∣F (x, y,−λ)∣∣ C(1+ ∣∣log(|x− y|λ 12m )∣∣)e−δ|x−y|λ 12m ,
3) 2m > n,∣∣F (x, y,−λ)∣∣ Cλ n−2m2m e−δ|x−y|λ 12m
for all x, y ∈ Ω and all λ λ0 .
Proof. We solve the integral equation (4.2) by iterations. For any j  1, we denote
F j(x, y, λ) = −
∫
Ω
F0(x,u, λ)q(u)F j−1(u, y, λ)du.
We consider three cases: 2m > n, 2m = n and 2m < n.
Let 2m > n. Writing α = 2m−n2m and using Proposition 4.1, we obtain∣∣F1(x, y, λ)∣∣ Cλ−2α‖q‖L1(Ω)eδ|x−y|λ 12m .
By induction we get for any integer j  1,
∣∣F j(x, y, λ)∣∣ (Cλ−α) j+1‖q‖ jL1(Ω)e−δ|x−y|λ 12m .
Hence
∞∑
j=0
∣∣F j(x, y, λ)∣∣ Cλ−αe−δ|x−y|λ 12m ∞∑
j=0
(
Cλ−α‖q‖L1(Ω)
) j
. (4.3)
The series on the right side of (4.3) converges if we choose λ such that
λ λ0 :=
(
C‖q‖L1(Ω)
) 1
α + 1.
Then
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∞∑
j=0
F j(x, y, λ)
solves Eq. (4.2) and satisﬁes the estimate
∣∣F (x, y,−λ)∣∣ Cλ−αe−δ|x−y|λ 12m ,
for some constants C > 0, δ > 0, for all x, y ∈ Ω and all λ λ0.
In the cases 2m = n and 2m < n we use the following inequalities for any  > 0.
| logτ | C
{
τ− if 0 < τ  1,
τ  if τ > 1,
(4.4)
and
e−τ <
{
1 if 0 < τ  1,
Cτ− if τ > 1.
(4.5)
Let 2m = n. If |x− y|λ 12m  1, the inequality (4.4) implies
1+ ∣∣log |x− y|λ 12m ∣∣ C(|x− y|λ 12m )− .
Consequently
∣∣F0(x, y, λ)∣∣ C |x− y|−λ− 2m e− δ2 |x−y|λ 12m . (4.6)
If |x− y|λ 12m > 1, the inequality (4.4) implies
1+ ∣∣log |x− y|λ 12m ∣∣ C(|x− y|λ 12m ),
and the inequality (4.5) implies
e−δ|x−y|λ
1
2m  C
(
δ
2
|x− y|λ 12m
)−2
e−
δ
2 |x−y|λ
1
2m
.
Consequently
∣∣F0(x, y, λ)∣∣ C |x− y|−λ− 2m e− δ2 |x−y|λ 12m . (4.7)
If we combine (4.6) and (4.7), we get the estimate∣∣F0(x, y, λ)∣∣ C |x− y|−λ− n e− δ2 |x−y|λ 1n . (4.8)
It follows from (4.8) that∣∣F1(x, y, λ)∣∣ Cλ− n e− δ2 |x−y|λ 1n ∫
Ω
|x− y|− ∣∣q(u)∣∣|u − y|− du,
where q ∈ Lp(Ω), p > 1. Let p′ be the conjugate exponent to p. Then, by Hölder’s inequality, we have
∫
Ω
|x− u|− ∣∣q(u)∣∣|u − y|− du  ‖q‖Lp(Ω)(∫
Ω
|x− u|−p′ |u − y|−p′ du
) 1
p′
.
Using the inequality∫
Ω
|x− u|−α1 |u − y|−α2 du  C1,
valid for any 0 < α1 < n, 0 < α2 < n, α1 + α2 < n and any bounded domain Ω ⊂ Rn , we obtain, by choosing  such that
0 <  < n2p′ ,∣∣F1(x, y,−λ)∣∣ CC1‖q‖Lp(Ω)λ− 2n e− δ2 |x−y|λ 1n ,
where C1 > 0. By induction we get for any j  1,
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Hence
∞∑
j=1
∣∣F j(x, y,−λ)∣∣ Cλ− n e− δ2 |x−y|λ− n ∞∑
j=1
(
CC1‖q‖Lp(Ω)λ− n
) j
. (4.9)
The series on the right side of (4.9) converges if we choose λ such that
λ λ0 =
(
CC1‖q‖Lp(Ω)
) n
 + 1.
Then, for ﬁxed 0 such that 0 < 0 < n2p′ , we can obtain∣∣F (x, y,−λ)∣∣ C(1+ ∣∣log(|x− y|λ 1n )∣∣)e− δ2 |x−y|λ 1n ,
with C > 0, for all x, y ∈ Ω and all λ λ0.
Let 2m < n. Proposition 4.1 and inequality (4.5) imply, for  > 0,
∣∣F0(x, y, λ)∣∣ C |x− y|2m−n−λ− 2m e− δ2 |x−y|λ 12m .
Then, for the ﬁrst iteration, we have∣∣F1(x, y, λ)∣∣ C(λ− 2m )2e− δ2 |x−y|λ 12m ∫
Ω
|x− u|2m−n−∣∣q(u)∣∣|u − y|2m−n− du. (4.10)
In (4.10) we write the integral as the sum:∫
Ω
|x− u|2m−n−∣∣q(u)∣∣|u − y|2m−n− du = ∫
Ω1
|x− u|2m−n−∣∣q(u)∣∣|u − y|2m−n− du
+
∫
Ω2
|x− u|2m−n−∣∣q(u)∣∣|u − y|2m−n− du (4.11)
where
Ω1 =
{
u ∈ Ω | |x− u| |u − y|}
and
Ω2 =
{
u ∈ Ω | |x− u| |u − y|}.
For u ∈ Ω1, |x− y| 2|u − y|, and therefore
|u − y|2m−n−  2n+−2m|x− y|2m−n−.
Since p > n2m , the Hölder’s inequality implies that the ﬁrst integral on the right side of (4.11) can be dominated by
2n+−2m‖q‖Lp(Ω)
(∫
Ω1
|x− u|(2m−n−)p′ du
) 1
p′ |x− y|2m−n−,
where the second integral is ﬁnite if we choose  such that 0 <  < 2m− np . Then the ﬁrst integral on the right side of (4.11)
is dominated by
2n+−2mC1()‖q‖Lp(Ω)|x− y|2m−n−,
where the constant C1() is deﬁned by
C1() = sup
x∈Ω
(∫
Ω1
|x− y|(2m−n−)p′ du
) 1
p′
.
Similarly, the second integral on the right side of (4.11) is dominated by
2n+−2mC1()‖q‖Lp(Ω)|x− y|2m−n− .
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with C > 0. By induction we get for any j  1,∣∣F j(x, y, λ)∣∣ C(C‖q‖Lp(Ω)λ− 2m ) jλ− 2m |x− y|2m−n−e− δ2 |x−y|λ 12m ,
where 0 <  < 2m − np . This leads to the estimate
∣∣F (x, y, λ)∣∣ ∞∑
j=0
∣∣F j(x, y, λ)∣∣ C0λ− 2m |x− y|2m−n−e− δ2 |x−y|λ 12m ∞∑
j=0
(
C0‖q‖Lp(Ω)λ− 2m
) j
, (4.12)
for ﬁxed  such that 0 <  < 2m − np . The series on the right side of (4.12) converges if we choose λ such that
λ λ0 =
(
C0‖q‖Lp(Ω)
) 2m
 + 1.
This implies the estimate for the fundamental solution F :
∣∣F (x, y, λ)∣∣ Cλ− 2m |x− y|2m−n−e− δ2 |x−y|λ 12m ,
for some C > 0, for all x, y ∈ Ω and all λ λ0. This proves Lemma 4.1. 
As a consequence of Lemma 4.1 we can obtain the estimates for the derivatives of the fundamental solution (4.2) for
0 |α| 2m − 1 satisfying the equation
Dα F (x, y, λ) = Dα F0(x, y, λ) −
∫
Ω
Dα F0(x,u, λ)q(u)F (u, y, λ)du.
Corollary 4.1. For 0 |α| 2m − 1, the following estimates hold:
1) 2m < n + |α|,∣∣Dα F (x, y, λ)∣∣ C |x− y|2m−n−|α|−λ− 2m e−δ|x−y|λ 12m , 0 <  < 2m − n
p
,
2) 2m = n + |α|,∣∣Dα F (x, y, λ)∣∣ C(1+ ∣∣log(|x− y|λ 12m )∣∣)e−δ|x−y|λ 12m ,
3) 2m > n + |α|,∣∣Dα F (x, y, λ)∣∣ Cλ n+|α|−2m2m e−δ|x−y|λ 12m ,
for all x, y ∈ Ω and all λ λ0 .
If λ is suﬃciently large then by the proof of Theorem 1.1 the operator AF + λI is positive and its inverse
(AF + λI)−1 : L2(Ω) → L2(Ω)
is a bounded operator. This is an integral operator with kernel G(x, y, λ), denoted by Ĝ(λ), such that
(AF + λI)Ĝ(λ) = I, Ĝ(λ)(AF + λI) = I, G(x, y, λ) = G(y, x, λ).
The kernel G(x, y, λ) of the integral operator Ĝ(λ) is called the Green’s function for the operator AF + λI .
Proof of Theorem 1.3. For τ > 0, let Ω
3τ
2 , Ωτ and Ω
τ
2 be compact sets, each of them having a smooth boundary, with
Ω
3τ
2 ⊂ Ωτ ⊂ Ω τ2 ⊂ Ω such that
d
(
Ω
3τ
2 , ∂Ω
)= 3τ
2
, d
(
Ωτ ,∂Ω
)= τ , d(Ω τ2 , ∂Ω)= τ
2
and
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(
Ω
3τ
2 , ∂Ωτ
)= τ
2
, d
(
Ωτ ,∂Ω
τ
2
)= τ
2
.
Here d(X, Y ) means the distance between the sets X and Y . Let F (x, y, λ) be a fundamental solution of the operator AF +λI
for x ∈ Ω τ2 , y ∈ Ω 3τ2 and λ suﬃciently large. We choose the function χ ∈ C∞0 (Ω) such that
χ(x) =
{
1 if x ∈ Ωτ ,
0 if x ∈ Ω \ Ω τ2 ,
and set
E(x, y, λ) = χ(x)F (x, y, λ). (4.13)
By this equation E(x, y,−λ) is well deﬁned for all x ∈ Ω , y ∈ Ω 3τ2 . If we assume that E(x, y, λ) = 0 for x ∈ Ω , y ∈ Ω \ Ω 3τ2
then E(x, y, λ) is deﬁned for all x, y ∈ Ω . Clearly, E(x, y, λ) = F (x, y, λ) for x ∈ Ωτ , y ∈ Ω 3τ2 . We prove that E(x, y, λ) is a
parametrix for AF + λI . To prove this, let
Q̂ (λ) = Ĝ(λ) − Ê(λ) (4.14)
where Ê(λ) is an integral operator in L2(Ω) with the kernel E(x, y, λ). Then it follows from (4.14) that
(AF + λI )̂E(λ) = I + P̂ (λ) (4.15)
where
P̂ (λ) = −(AF + λI)Q̂ (λ)
or
Q̂ (λ) = −Ĝ(λ) P̂ (λ). (4.16)
If we denote by P (x, y, λ) the kernel of the integral operator P̂ (λ), it follows from (4.16) that for any f ∈ L2(Ω),
Q̂ (λ) f (x) = −
∫
Ω
(∫
Ω
G(x,u, λ)P (u, y, λ)du
)
f (y)dy.
Then Q (x, y, λ) has the form
Q (x, y, λ) = −
∫
Ω
G(x,u, λ)P (u, y, λ)du (4.17)
for x, y ∈ Ω . Eq. (4.15) is equivalent to the equation
(AF + λI)E(x, y, λ) = δ(x− y) + P (x, y, λ) (4.18)
for x, y ∈ Ω and λ suﬃciently large. Then for x ∈ Ω , y ∈ Ω 3τ2 , P (x, y, λ) will be of the form
P (x, y, λ) =
∑
α>0
Dαχ(x)
α! A
(α)
0 (x, D)F (x, y, λ), (4.19)
where A(α)0 (x,−iξ) = ∂αξ A0(x,−iξ) is the polynomial in ξ ∈ Rn obtained from the differential operator A(α)0 (x, D) of order
 2m − 1. For x ∈ Ω , y ∈ Ω \ Ω 3τ2 ,
(AF + λI)E(x, y, λ) = 0
since for such x and y, E(x, y, λ) = 0. By the choice of χ , Dαχ 
= 0 only on the set Ω τ2 \ Ωτ . If x ∈ Ω τ2 \ Ωτ and y ∈ Ω 3τ2 ,
then P (x, y, λ) 
= 0. Since for such x and y, |x− y| τ2 , Corollary 4.1 implies∣∣P (x, y, λ)∣∣ Cτ e−δ τ2 λ 12m (4.20)
for all x ∈ Ω , y ∈ Ω 3τ2 . Now let f ∈ L1(Ω 3τ2 ). We prove that Q̂ (λ) f ∈D(AF ). By (4.16), we have
AF Q̂ (λ) f = − P̂ (λ) f + λĜ(λ) P̂ (λ) f .
Since Ĝ(λ) is a bounded operator from L2(Ω) to L2(Ω), it suﬃces to prove that P̂ (λ) f ∈ L2(Ω). But, by (4.20), this is clear.
Further, from (4.20) it follows that for x ∈ Ω , y ∈ Ω 3τ2 ,
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Ω
∣∣G(x,u, λ)∣∣du,
and since P (x, y, λ) = δ(x− y) for x ∈ Ω , y ∈ Ω \ Ω 3τ2 , it follows that for such x and y,∣∣Q (x, y, λ)∣∣= ∣∣G(x, y, λ)∣∣.
These imply∫
Ω
∣∣G(x, y, λ)∣∣dy  ∫
Ω
3τ
2
∣∣Q (x, y, λ)∣∣dy + ∫
Ω\Ω 3τ2
∣∣Q (x, y, λ)∣∣dy + ∫
Ω
∣∣E(x, y, λ)∣∣dy
 C ′τ e−δ
τ
2 λ
1
2m
∫
Ω
∣∣G(x, y, λ)∣∣dy + ∫
Ω\Ω 3τ2
∣∣G(x, y, λ)∣∣dy + ∫
Ω
∣∣E(x, y, λ)∣∣dy.
For suﬃciently small τ ,∫
Ω\Ω 3τ2
∣∣G(x, y, λ)∣∣dy  1
2
∫
Ω
∣∣G(x, y, λ)∣∣dy.
Choosing λ0 such that 12 − C ′τ e−δ
τ
2 λ
1
2m
0 > 0, we obtain, for x ∈ Ω , λ λ0,∫
Ω
∣∣G(x, y, λ)∣∣dy  C ∫
Ω
∣∣E(x, y, λ)∣∣dy, (4.21)
where
C = 1
1
2 − Cτ e−δ
τ
2 λ
1
2m
0
.
It remains to estimate the integral on the right of (4.21). We set
I(x, λ) =
∫
Ω
∣∣E(x, y, λ)∣∣dy, x ∈ Ω, λ λ0. (4.22)
We proceed by applying Theorem 4.1 to E(x, y, λ). Since Ω is bounded it is contained in some open ball BR(0) of radius R
centered at the origin. We consider three cases: 2m < n, 2m = n and 2m > n.
Let 2m < n. Using the polar coordinates, we obtain
I(x, λ) Cλ− 2m
∞∫
0
r2m−1−e−δrλ
1
2m dr.
If we change the variable by t = rλ 12m , we get
I(x, λ) Cλ−1.
Let 2m = n. If we use the polar coordinates, then
I(x, λ) C
∞∫
0
(
1+ ∣∣log(rλ 12m )∣∣)r2m−1e−δrλ 12m dr.
If we change the variable by t = rλ 12m , we get
I(x, λ) Cλ−1.
Let 2m > n. Changing to the polar coordinate, we get
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∞∫
0
r−δrλ
1
2m rn−1 dr.
The substitution t = rλ 12m gives
I(x, λ) Cλ−1.
Hence
I(x, λ) Cλ−1, x ∈ Ω, λ λ0, (4.23)
where C > 0. Consequently, we have∫
Ω
∣∣G(x, y, λ)∣∣dy  Cλ−1, x ∈ Ω, λ λ0,
for some constant C > 0. This, together with the inequality (4.20), implies
∣∣Q (x, y, λ)∣∣ Cλ−1e−δ τ2 λ 12m , x ∈ Ω, y ∈ Ω 3τ2 , λ λ0.
for some C > 0. Using this and the estimates for E(x, y, λ) we can obtain the estimates for G(x, y, λ) = E(x, y, λ)+ Q (x, y, λ)
when x ∈ Ω , y ∈ Ω 3τ2 , λ λ0. Since G(x, y, λ) = G(y, x, λ), we may interchange the roles of x and y, so we obtain the same
estimates for G(x, y, λ) when x ∈ Ω 3τ2 , y ∈ Ω and λ λ0. Thus Theorem 1.3 is proved. 
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